Algebraic Quotients of Compact Group Actions  by Schwarz, Gerald W
Journal of Algebra 244, 365–378 (2001)
doi:10.1006/jabr.2001.8778, available online at http://www.idealibrary.com on
Algebraic Quotients of Compact Group Actions1
Gerald W. Schwarz
Department of Mathematics, Brandeis University, Waltham, Massachusetts 02454-9110
E-mail: schwarz@brandeis.edu
Communicated by Corrado de Concini
Received April 1, 1998
Let K be a compact Lie group and X a real algebraic (or real analytic) K-variety.
We ﬁnd conditions under which the quotient X/K is again algebraic (real ana-
lytic), and we compare properties of X and X/K, including coherence and smooth-
ness. For example, if L is a closed subgroup of K and A is a real afﬁne algebraic
L-manifold, then the twisted product K ∗L A is naturally an afﬁne real algebraic
K-manifold.  2001 Academic Press
1. INTRODUCTION
1.1. Let G be a reductive complex algebraic group and B an afﬁne
algebraic G-variety. Then the quotient B/G is again a complex algebraic
variety. The analogous fact fails in the real category (where we replace
G by a compact Lie group K) [PS]. Moreover, real varieties have other
pathologies: their ideal sheaves may fail to be coherent and real analytic
subvarieties of n may fail to be deﬁned by global functions [Cart, Sect. 11].
1.2. In this note we compare properties of real K-varieties A and their
quotients. For A algebraic, we ﬁnd criteria for the quotient A/K to be
algebraic, and we investigate the behavior of properties such as smoothness
and coherence. We handle analogous questions in the real analytic case (8.1,
8.6, 8.7).
A special case of our main result on quotients (Theorem 4.1) is
Theorem 1.3. Let A and A′ be afﬁne real algebraic K-varieties. Suppose
that K acts freely on A and that A/K is algebraic. Then A × A′/K is
algebraic.
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As a corollary we obtain a result about induction from compact sub-
groups (see Lemma 4.3, Remark 4.4, Proposition 5.1, Theorem 7.5).
Corollary 1.4. Let L be a closed subgroup of K, and let A be an afﬁne
real algebraic L-variety. Then
(1) K ∗L A is naturally an afﬁne real algebraic K-variety.
(2) If A is smooth (resp. non-singular, resp. coherent), then so is
K ∗L A.
(3) A → K ∗L A is functorial in A (see 4.4).
Here K ∗L A denotes the quotient K ×A/L, where l ∈ L sends k a ∈
K ×A to kl−1 la. Left multiplication by K induces an algebraic action
K × K ∗L A → K ∗L A.
Dovermann and Masuda [DM1, DM2] established the corollary in the
case where L has ﬁnite index in K, and Wasserman [Wass] handled
the case where K is abelian. Their interest in this result is driven by the
well-known equivariant Nash problem: Is every compact K-manifold diffeo-
morphic to a real algebraic K-variety?
1.5. The question of coherence was crucial in recent work of Field on
symmetry breaking [Field]. Let W be a K-module.
Theorem 1.6 (See 7.14). Let L be a closed subgroup of K. Then KW L
is a coherent algebraic subset of W .
Theorem 1.7 (See 7.5). Let A be a coherent K-invariant real algebraic
(or real analytic) subvariety of W . Then A/K is coherent.
Theorem 1.6 is a converse of Theorem 1.7 in a special (but important)
case. Examples 7.6 and 7.7 show that the converse of Theorem 1.7 fails in
general.
2. QUOTIENTS
The main references for what follows are [Chev, PS, Sc2].
2.1. Let K be a compact Lie group. A K-module is a ﬁnite dimensional
real vector space W together with a continuous homomorphism ρ:K →
GLW . We call ρ a representation of K. Using Haar measure, we can
always ﬁnd an isomorphism of W with n, n = dimW , such that K acts
orthogonally.
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2.2. The algebra W K is ﬁnitely generated. Let q1     qm be homo-
geneous generators, let I be their ideal of relations in y1     ym, and
let Z ⊂ m be the corresponding irreducible real algebraic variety. Let
q = q1     qm  W → m. Then q∗ induces an isomorphism of Z
with W K . Since q is polynomial, its image X ⊂ Z is semialgebraic, and
by construction, Z is the (real) Zariski closure of X. If A is a real afﬁne
K-subvariety of W , then XA = qA is a semialgebraic subset of its
Zariski closure ZA ⊂ Z.
Proposition 2.3. Let K, X, A, and W be as above. Then the elements
of W K separate disjoint K-orbits in W , and q  W → m is proper. Hence
q induces homeomorphisms q˜  W/K ∼−→ X and q˜  A/K ∼−→ XA, where
W/K and A/K are given their quotient topologies.
2.4. This result shows that the quotient space A/K  XA has a struc-
ture as a semialgebraic set. To see that the structure is canonical, one need
only think of ZA as the set of real maximal ideals of AK and of
XA as the image of the morphism A → ZA dual to the inclusion
AK ⊂ A.
2.5. We say that A/K is algebraic in case XA = ZA. In [PS] the
author and Procesi explicitly described the inequalities that deﬁne XA ⊂
ZA. We give criteria below for there to be no (effective) inequalities, i.e.,
for A/K to be algebraic.
3. COMPLEXIFICATION
3.1. We consider the complexiﬁcation of our real situation. We use
results of Kempf–Ness theory (see [Sc2, PS]) and the theory of complex
reductive group actions (see [Kr, II.3.2]).
3.2. Let S be a subset of n. We call the closure of S in the usual metric
topology of n the metric closure of S. If S is constructible (e.g., the morphic
image of a complex algebraic variety), then the Zariski closure and metric
closures of S coincide.
3.3. Let K be a compact Lie group. Then K has a unique structure of
real algebraic group, where K is the span of the matrix entries of all
representations ρ  K → GLW  [Chev, Chap. VI]. Embed K as a closed
subgroup of On for some n. Since K is algebraic, it is the zeroes of an
ideal J ⊂ On. Let G denote the complex zeroes of J. Then G is a
complex reductive subgroup of On with coordinate algebra K ⊗ .
We call G (often denoted K) the complexiﬁcation of K. We have  = ⊕ i
where  = LieK and  = LieG. The compact group K is (complex)
Zariski dense in G.
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3.4. Since i consists of hermitian symmetric matrices, P = expi con-
sists of positive deﬁnite hermitian matrices. Moreover, exp: i → P is a
diffeomorphism, and we have a diffeomorphism K × P  K · P = G. Any
g ∈ G can be uniquely expressed in the form g = kp where k ∈ K and p ∈ P
(polar decomposition). Moreover, K normalizes P and g = kp = kp−1,
k ∈ K, p ∈ P .
3.5. Let W , q, etc. be as in 2.2. Then G naturally acts on V =
W ⊗ , and V G = V K is just W K ⊗ . Thus the morphism
q  W → m complexiﬁes to give a morphism q  V → m, where
V G = q1     qm. The image qV  lies in the complex zeroes of the
ideal I of 2.2, so that qV  ⊂ Z, the complexiﬁcation of Z ⊂ m. When
necessary, we use the notation qW and qV to specify the domain of q.
If A ⊂ W is real algebraic, let A denote the complex subvariety of V
whose coordinate ring is A ⊗ . Then A is just the (complex) Zariski
closure of A in V . Let v ∈ V . Then, by 3.2, Gv is Zariski closed if and only
if it is metric closed.
Proposition 3.6 ([?, II.3.2; Lu3].
(1) Let B ⊂ V be a G-stable closed subset (metric topology). Then qB
is closed in m, and qB sets up a bijection between the closed orbits of G in
B and the points of qB. If B is algebraic (or complex analytic), then so is
qB.
(2) If B1 ⊂ V is G-stable, closed and disjoint from B, then qB ∩
qB1 = . In particular, qV \ B1 contains a neighborhood of qB (metric
or Zariski topology, as appropriate).
(3) q  A → ZA is surjective, and ZA = qA ∩ m.
(4) Let v ∈ V . If Gv is not closed, then there is a unique closed orbit
Gv′ in its closure, and dimGv′ > dimGv.
3.7. Since K is compact, we may choose a K-invariant inner product
·  · on W . Let ·  · also denote the corresponding complex bilinear form
on V . Set x  y = x  y¯ and x = √x  x, x, y ∈ V . Then ·  · is a
K-invariant hermitian form on V . Deﬁne the Kempf–Ness set κV  to be
v ∈ V  TvGv ⊥ v, where ⊥ is taken relative to ·  ·. If B ⊂ V is metric
closed and G-stable, then we set κB = κV  ∩ B, the Kempf–Ness set of
B. Note that κB is K-invariant.
Proposition 3.8. Let v ∈ V .
(1) Gv is closed iff Gv ∩ κV   = .
(2) If v ∈ κV , then Gv = Kv and Gv ∩ κV  = Kv.
(3) The mapping q induces a homeomorphism q˜:κB/K → qB.
(4) Let v ∈ κV . Then Kv = v′ ∈ q−1qv  v′ = v.
(5) W ⊂ κV .
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Corollary 3.9. Let A be a real afﬁne K-subvariety of W , and let
z ∈ ZA. Then there is a y ∈ κA with the following properties:
(1) qy = z.
(2) y¯ ∈ Ky.
If z ∈ XA and y ∈ κA satisﬁes (1) and (2), then y ∈ A.
Proof. Proposition 3.8 gives us a y ∈ κA satisfying (1). Since
y¯ ∈ q−1z and y¯ = y, (2) follows from 3.8(4).
Suppose that z ∈ XA. Then there is a closed orbit Gy ′, y ′ ∈ A with
qy ′ = qy. Since Gy is closed, y ′ ∈ Gy = KPy, and rechoosing y ′ in its
K-orbit, we may assume that y ′ = py, p ∈ P . Then y ′ = py = py = p−1ky
for some k ∈ K. It follows that k−1p2 ∈ Gy . By 3.8(2) and uniqueness of
polar decomposition, k ∈ Ky . Thus ky = y, so that y ∈ A.
Corollary 3.10. Let y ∈ A such that
(1) qy ∈ XA.
(2) y¯ ∈ Ky
(3) Gy is closed.
(4) Gy is ﬁnite.
(5) No element of AdGy ⊂ Aut has eigenvalue −1.
Then y ∈ A.
Proof. Repeat the proof of 3.9 up to the stage where we show that
k−1p2 ∈ Gy , y ′ = py. Since Gy is ﬁnite, so is Gy ′ , and Gy ′ = Ky ′ by 3.8(2).
Hence l = pk−1p ∈ Ky ′ . Then k−1p = p−1l = ll−1p−1l, and we must
have that l = k−1 ∈ Ky ′ and p = kp−1k−1. Now p = expa for a unique
a ∈ i, and Adka = −a = Adk−1p2a. By (5), we must have that a = 0,
and y ′ = y ∈ A.
Remark 3.11. If G is ﬁnite or Gy ⊂ ZG or Gy has odd order, then
(5) is automatic.
4. QUOTIENTS WHICH ARE ALGEBRAIC
Theorem 4.1. Let K be a compact real algebraic group and A and A′
real afﬁne K-varieties such that
(1) A/K is algebraic.
(2) For all x ∈ A, Kx is ﬁnite and no element of AdKx has eigen-
value −1.
(3) For every x ∈ A, the quotient A′/Kx is algebraic.
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Then A×A′/K is algebraic. In particular, if A/K is algebraic and K acts
freely on A, then A×A′/K is algebraic.
Proof. Embed A and A′ in K-modules W1 and W2 with invariant inner
products ·  ·1 and ·  ·2. We have corresponding hermitian inner products
·  ·i on Vi = Wi ⊗ , i = 1, 2, and we take the sum of ·  ·1 and ·  ·2
as our hermitian inner product on V = V1 ⊕ V2.
Let x y ∈ κA × A′ ⊂ V1 ⊕ V2 satisfy 3.9(1) and 3.9(2). Since
x¯ = kx for some k ∈ K, the image of x lies in ZA = XA, so the
closure of Gx contains a (closed) orbit Gx′ with x′ ∈ A. If Gx  = Gx′,
then dimGx′ > dimGx, which is impossible by (2) and 3.8(2). Thus Gx is
closed and intersects A. By Corollary 3.10, x ∈ A ⊂ κA. It follows that
y ∈ κA′, and (3) and Corollary 3.9 give that y ∈ A′.
Remarks 4.2. (1) There is no way to get around the assumption that
A/K is algebraic: Let A be the hyperbola xy = 1 ⊂ 2. Let K =
±1 act on 2 by multiplication. Note that K acts freely. The polynomial
invariants of x y are generated by α = x2, β = y2, and γ = xy. The
image of A under the quotient mapping αβ γ  2 → 3 is s t u 
st = 1 s > 0 u = 1. The image is “half” of a hyperbola, hence not alge-
braic.
(2) Another way to look at this example is to say that ∗/±1 
r ∈ ∗  r > 0 is not an algebraic group. Thus a quotient group K/L
can be nonalgebraic if K is not compact. This cannot happen when K is
compact:
Lemma 4.3 (Cf. [DM2]). Let K be a compact real algebraic group and
L a closed subgroup. Then the quotient K/L is a real afﬁne variety with
K/L = KL. The natural action K ×K/L→ K/L is algebraic.
Proof. Set G = K and H = L. We may embed K/L into a real
K-module W [Sc2, 1.5]. Then L = Kw for some w ∈ W . Now G acts on V ,
Gw = L = H, and Gw is closed (hence a complex algebraic variety). Sup-
pose that g ∈ G and gw ∈ W , where g has polar decomposition kp. Then
kpw = kpw = kp−1w; hence p2 ∈ Gw, forcing p ∈ Gw and gw = kw ∈ W .
Thus Gw ∩W = Kw is real algebraic, and the K-action is algebraic.
Remark 4.4. Let A, L and K be as in 1.4. The obvious left action of
K on K × A commutes with the given L-action. If f :A → A′ is an L-
equivariant morphism of afﬁne L-varieties, then id×f : K × A →
K × A′ is K × L-equivariant, and id×f ∗ canonically induces a
K-morphism K × A′L → K × AL. Hence we functorially have
a morphism id×f /L:K ∗L A→ K ∗L A′. If f is a rational L-equivariant
morphism A → A′ (without poles on A), then id×f /L is also rational
without poles on K ∗L A.
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5. SMOOTHNESS AND NONSINGULARITY
Let A ⊂ n be an irreducible real algebraic subvariety with complexi-
ﬁcation A ⊂ n. Recall that a point x ∈ A is nonsingular if dimTxA ≤
dimTx′A for all x′ ∈ A, where TxA denotes the Zariski tangent space of
A at x. Equivalently, x is a nonsingular point of A. We say that A is non-
singular if every x ∈ A is nonsingular. Nonsingularity is a stronger notion
than real analytic smoothness (i.e., locally being a real analytic manifold; see
[Miln, p. 12]). By [Malg, 3.11], if the germ Ax is C∞ smooth, then it is real
analytically smooth.
Proposition 5.1. Let A ⊂ W be a real algebraic K-subvariety of the
K-module W , and let q  A→ XA ⊂ ZA ⊂ m be as in 2.2. We suppose
that K acts freely on A. Let x0 ∈ A. Then
(1) XA is open and closed in ZA (metric topology).
(2) A is smooth at x0 iff XA and ZA are smooth at qx0.
(3) A is nonsingular at x0 iff qx0 is a nonsingular point of ZA.
Proof. Clearly XA is closed in ZA. Suppose that K acts freely, but
XA is not open in ZA at qx0. Then by Corollary 3.9(2) there is a
sequence xn ∈ A and kn ∈ K such that xn → x0 and such that knxn =
x¯n  = xn for all n. We may assume that kn → k ∈ K. Clearly, k ∈ Kx0 = e,
so kn → e. The kn have eigenvalue −1, since they send xn = yn+ izn ∈ V =
W ⊕ iW to yn − izn, and zn  = 0. But this implies that e ∈ K has eigenvalue
−1, which is absurd, and we have (1).
The differentiable slice theorem [Sc1, 1.1] shows that, over a neighbor-
hood of qx0 ∈ XA, A  XA × K, giving (2). Set G = K. The
holomorphic slice theorem [Sc1, 5.4] shows that A → ZA is a princi-
pal holomorphic G-bundle over a neighborhood of qx0, and (3) follows
from Proposition 3.6(3).
Remark 5.2. One can weaken the hypotheses of 5.1 to assume only the
conjugacy of all the isotropy groups Kx, x ∈ A.
6. ORBIT-CONVEXITY
We need some results on extending K-invariant complex analytic sets. We
assume that V is a complex K-module with K-invariant hermitian norm ·.
As usual, G denotes K.
Deﬁnition 6.1. An open subset V ′ ⊂ V is orbit convex if
• V ′ is K-stable.
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• If v ∈ V ′ and exp av ∈ V ′ where t ∈  and a ∈ i, then exptav ∈ V ′,
0 ≤ t ≤ 1.
Proposition 6.2 (See [HeKu, Sect. 5; Hein, 3.3]). Let V ′ ⊂ V be orbit
convex, and let B˜ be a K-stable complex analytic subset of V ′. Set B = GB˜.
Then
(1) B ∩ V ′ = B˜.
(2) B is a G-stable complex analytic subset of GV ′.
Moreover, every K-invariant subset of κV  has a neighborhood basis consist-
ing of orbit convex sets.
7. COHERENCE
7.1. Let x ∈ n. We denote by x the algebra of germs of real analytic
functions at x. We also consider the algebra cx of germs of complex ana-
lytic functions at x ∈ n. Let A be a germ of a real analytic subset at x ∈ n
with ideal Ix ⊂ x. Then we denote by A the germ of a complex analytic
subset of n with ideal Ix ⊗ . We call A the complexiﬁcation of A.
Let F ⊂ A ⊂ A be a germ of a closed subset, and choose representatives
F ⊂ A ⊂ A in a neighborhood of x. We say that A is coherent along F if the
real analytic ideal sheaf of A restricted to F is coherent in a neighborhood
of x. Equivalently, the complexiﬁcation of the germ Ay is Ay for all
y ∈ F in some neighborhood of x.
Let A be a real analytic subset of an open subset U ⊂ n and let F ⊂ A
be closed. We say that A is coherent along F if the germ Ax is coherent
along Fx for every x ∈ F .
Let B be a complex analytic subset in a neighborhood of F ⊂ n. We say
that B is a complexiﬁcation of A along F if By is the complexiﬁcation of Ay
for all y ∈ F .
Lemma 7.2. Let U be a K-invariant open subset of the K-module W
and A ⊂ U a K-stable real analytic subset. Let cU ⊂ V = W ⊗  be a
G = K-stable open subset with U ⊂ cU . Let x ∈ A, and let N be a
Kx-stable complement to TxKx in TxU  W . Then there is a Kx-stable
neighborhood U˜ of 0 ∈ N and a Gx-stable neighborhood cU˜ of 0 ∈ N =
N ⊗  such that
(1) The canonical map ϕ:K ∗Kx x + U˜ → U is a real analytic
K-isomorphism onto a K-neighborhood U ′ of x.
(2) ϕ induces a real analytic K-isomorphism of K ∗Kx A ∩ x + U˜
with A ∩U ′.
(3) The canonical map cϕ:G ∗Gx x+ cU˜ → cU is a complex analytic
G-isomorphism onto a G-neighborhood cU ′ of x.
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(4) If B˜ ⊂ x + cU˜ is Gx-stable and a complexiﬁcation at x of
A ∩ x+ U˜, then cϕG ∗Gx B˜ is a G-stable complex analytic subset of cU ′
which is a complexiﬁcation of A along Kx.
(5) Any G-stable complex analytic subset of cU ′ which is a complexiﬁ-
cation of A along Kx is of the form cϕG ∗Gx B˜ of (4).
Proof. Statements (1), (2), and (3) are the real analytic and complex
analytic versions of Luna’s slice theorem [Sc1, Chap. 6]. To obtain (4) and
(5) one needs only observe that G/Gx is the complexiﬁcation of K/Kx.
By 6.2, there is aG-stable complex analytic subset B of aG-neighborhood
of 0 ∈ V which is a complexiﬁcation of A along 0. From 7.2 we then
obtain
Corollary 7.3. There is a G-stable complexiﬁcation B of A along Kx.
7.4. Let U be a K-invariant open subset of the K-module W andA ⊂ U
a K-stable real analytic subset. Let x ∈ A and let B be a G-stable com-
plexiﬁcation along Kx, deﬁned in an open G-stable subset cU ⊂ V . By
??(2), qB is a complex analytic subset of a neighborhood of qx in m .
The intersection with m is a real analytic variety ZA deﬁned near qx
which contains the germ of XA = qA. Since q−1XAx = Ax has
complexiﬁcation Bx, ZAqx is the smallest germ of a real analytic set
containing XAqx.
Proposition 7.5. Let A, etc. be as above. Suppose that A is coherent
at x. Then
(1) ZAqx is coherent along XAqx.
(2) For y ∈ XA sufﬁciently close to qx, XAy is Zariski dense in
ZAy .
Proof. Since A is coherent at x, hence along Kx, we may assume that
A is coherent. Then B is the complexiﬁcation of A along A. It follows,
as above, that ZA has complexiﬁcation qB along XA and that the
analytic ideals of XA and ZA agree along XA.
One can have 7.5(1) without 7.5(2).
Example 7.6. Let W = 3 with coordinate functions z, x, and y, and
let K = ±12 act via multiplication on x and y, so that the invariants
are generated by q1 = z, q2 = x2 and q3 = y2. The Whitney umbrella
A = z x y ∈ W  zx2 = y2 is not coherent. However, applying q =
q1 q2 q3:W → 3, we see that ZA = y1 y2 y3 ∈ 3  y1y2 = y3 is
certainly coherent, so that ZA is coherent along XA, i.e., 7.5(1) holds.
But XA = y1 y2 y3 ∈ ZA  y1, y2, y3 ≥ 0 ∪ y1 0 0, and 7.5(2)
fails at points of XA where y1 < 0.
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The converse of Proposition 7.5 is false.
Example 7.7. Let x, y, z be coordinate functions on 3. Let K be two
copies of ±1 acting on 3 such that one copy sends x → ±x and the
other sends y z → ±y z. Let A be the subvariety of 3 deﬁned by the
K-invariant polynomial f x y z = zyx2 + y2 − x4 (this is a variant of
an example in [Cart, Sect. 9]). Set L = 0 0 z. We have the quotient
mapping q:3 → 4, where q1 = x2, q2 = y2, q3 = yz, and q4 = z2. Set
A1 = ix y z ∈ A  x, y, z ∈ . We claim the following:
(1) Near points of L \ 0, all the real solutions of f = 0 have the
form y = x2hx2 z, where h is unique and real analytic.
(2) q−1ZA = A ∪ iA ∪A1 ∪ iA1.
(3) L is the set of singular points of A, and qL ∪ qiL is the set
of singular points of ZA.
(4) ZA is coherent along qL ∪ qiL.
Since the dimension of A is 2 at each of its points, A satisﬁes 7.5(2). By
(3) and (4), ZA is coherent, while A is not coherent by (1).
For (1), ﬁx z  = 0. If x = 0, then y = 0. If x  = 0, write y = x2hx2 z for
some h. Substituting one obtains the equation h1+ x2h2 = z−1 which has
a unique solution. Moreover, the solution is a power series in x2 with posi-
tive radius of convergence, and we have (1). Part (2) follows from Corollary
3.9, and (3) is a routine calculation. Finally, ﬁx w = 0 0 z ∈ L \ 0. For
y real, y/z < 1/4, there are two real values of x satisfying f x y z = 0
(we are in A), and there are two imaginary values of x (we are in A1. Thus
A ∪A1w has complexiﬁcation Aw; hence ZAqw has complexiﬁca-
tion qAqw. Similarly, ZAqiw has complexiﬁcation qAqiw, and
we have (4).
7.8. On the positive side, there are certain subvarieties of W which
arise naturally and are always coherent. They are related to stratiﬁcations of
X = qW  and Y = qV  (q:V → m is as in 3.5). Recall that Z = Y ∩m
is the Zariski closure of X in m.
If H is a subgroup of G, then H will denote its conjugacy class. If z ∈ V
and Gz is closed, then we say that the point z and point qz ∈ Y have
isotropy class Gz. We stratify Y as the union Y = ∪iY 0i where Y 0i denotes
the points with isotropy class Hi. Similarly, we have isotropy classes Lj
in K and a decomposition qW  = ∪jX0j . For each j, let Yj and Zj denote
the Zariski closures of Y 0j and X
0
j in Y and Z, respectively, and let Xj
denote the metric closure of Xj0. For subgroups L, L
′ ⊂ K, we write L ≥
L′ if L′ is K-conjugate to a subgroup of L, and similarly for subgroups
of G.
Lemma 7.9 (See [Sc1, Chap. 6]).
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(1) There are only ﬁnitely many strata Y 0i ri=1 and X0j sj=1, and r = s.
(2) We may choose Li and Hi in their isotropy classes such that Hi =
Li, i = 1     r.
(3) For each i, X0i = Y 0i ∩X, Xi = Yi ∩X, and Zi = Yi ∩ Z.
(4) Xi = qW Li =
⋃
Lj≥LiX
0
j and Yi = qV Hi =
⋃
Hj≥Hi Y
0
j .
(5) Y 0i is the complexiﬁcation of Zi along X
0
i .
Lemma 7.10. Let B ⊂ m be a complex analytic subset and set A =
B ∩ m. Let B0 be a dense open subset of B such that A0 = B0 ∩ m is
dense in A (metric topologies). Suppose that
(1) B0 is the complexiﬁcation of A0 along A0.
(2) For all x ∈ A, the germ A0x intersects all the irreducible components
of B0x.
Then B is a complexiﬁcation of A along A, hence A is coherent.
Proof. Let x ∈ A. The hypotheses show that any germ of a complex
analytic function vanishing on Ax also vanishes on B0x, hence on Bx. It
follows that Bx is the complexiﬁcation of Ax.
Corollary 7.11. For 1 ≤ i ≤ r, Yi is the complexiﬁcation of Zi along Xi
and Zi is coherent along Xi.
7.12. Set W i = W Li ∩ q−1W X0i  and V i = V Hi ∩ q−1V Y 0i . Then
V i = V Hi \ q−1V Yi \ Y 0i  is Zariski open in V Hi , and similarly for W i =
V i ∩W Li ⊂ W Li . Set A0i = KW i = q−1W X0i  and Ai = q−1W Xi =
q−1W Zi. Then Ai is algebraic and K-invariant, and Ai = KW Li is the
metric closure of A0i . By [Sc1, 5.5], all the G-orbits through V
i are closed
with isotropy group Hi, hence the natural morphism ϕ:G× V i → V has
constant rank, and B0i =Imϕ is a smooth dense open subset of its closure
Bi.
Set Ni = NKLi/Li. Then Ni has a natural left action on K/Li by
n kLi → kn−1Li, n ∈ Ni, kLi ∈ K/Li. Note that Ni can be identiﬁed
with NGHi/Hi.
From the slice theorems we get
Lemma 7.13 (See [Sc1, Chap. 6], and Lemma 7.2). For each i we have:
(1) W i → X0i is a real analytic principal Ni-bundle, and A0i → X0i is
the bundle associated to the Ni-action on K/Li.
(2) V i → Y 0i is a complex analytic principal Ni-bundle, and B0i →
Y 0i is the bundle associated to the Ni-action on G/Hi.
Combining 7.9–7.13 we obtain
Theorem 7.14. The algebraic K-subvarieties Ai of W are coherent.
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Proof of Theorem 1.6. Clearly W L is the union of the q−1W Xi such
that L is conjugate to a subgroup of Li. But a ﬁnite union of coherent
varieties is coherent [Cart, Prop. 13].
8. QUOTIENTS WHICH ARE REAL ANALYTIC
Let W be a K-module and q:W → X ⊂ Z ⊂ m as in 2.2. Let A ⊂ W
be a K-stable real analytic subvariety. We say that A/K is real analytic if
XA = qA is a real analytic subset of m (equivalently, of Z). Note
that, for A algebraic, XA is analytic if and only if it is a component of
ZA (metric topology). We have the following version of 4.1.
Theorem 8.1. Let A and A′ be real analytic K-subvarieties of K-modules
W1 and W2 such that
(1) A/K is analytic.
(2) For all x ∈ A, Kx is ﬁnite and no element of AdKx has eigen-
value −1.
(3) For every x ∈ A, the quotient A′/Kx is analytic.
Then A×A′/K is analytic.
Proof. Let W = W1 ⊕W2 and q be as in 2.2. Let x y ∈ A×A′. By
Corollary 7.3 we can ﬁnd G-stable complexiﬁcations B and B′ of A and A′
near x and y, respectively. Since A/K is analytic, we may assume that the
real points of qB × o lie in qA × o. Then the proof of 4.1 goes
through to show that the real points of qB × B′ lie in A ×A′/q in a
neighborhood of qx y.
There is a global version of the above result. We need the following
concept of Cartan (see [Cart, Sect. 10; WB]).
Deﬁnition 8.2. A subset A ⊂ n is C-analytic if it is the zero set of a
ﬁnite number of real analytic functions deﬁned on all of n.
Remark 8.3 [Cart, Proposition 15]. The following are equivalent:
(1) A is C-analytic.
(2) A is the zero set of a coherent sheaf of ideals  on n.
(3) There is a neighborhood U of n in n and a complex analytic
subset B ⊂ U such that A = B ∩ n.
Any real algebraic subvariety of n is C-analytic, as are coherent real analytic
subvarieties (in which case we can take  to be the ideal sheaf of A).
Let A be a K-stable real analytic subset of a K-module W , and let
q:W → X ⊂ Z ⊂ m be as in 2.2. We say that A/K is C-analytic if
XA = qA is a C-analytic subset of m.
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Remark 8.4. Suppose that A/K is C-analytic. Then there is a coherent
sheaf of ideals  on Z whose zeroes are XA. Conversely, given such
a  , its sum with IZ , the ideal sheaf of Z, naturally extends to a coherent
sheaf of ideals on m with zero set XA. Hence the notion of XA being
C-analytic does not depend upon our choice of q.
Lemma 8.5. Let A ⊂ W be a C-analytic K-subvariety of a K-module. If
A/K is analytic, then it is C-analytic.
Proof. Let B be a complexiﬁcation of A as in 8.3. By 6.2 we may
assume that B is deﬁned in an orbit convex neighborhood U of W ⊂ V =
W ⊗ . Since A is K-stable, we may replace B by the intersection of all
the translates of B by elements of K, i.e., we may assume that B is K-stable.
Then 6.2 allows us to assume that B and U are G-stable.
Now Y ′ = qB is a locally closed complex analytic subset of Y =
qV  ⊂ m such that the closed set XA is a union of components of
the real points of Y ′. Thus there is a coherent sheaf of ideals  on a neigh-
borhood U ′ of XA in Z whose zeroes are XA. Since  = Z on a
neighborhood of the boundary of U ′, we may extend  to a coherent sheaf
of ideals on Z with zero set XA. Hence A/K is C-analytic.
Corollary 8.6. Let A and A′ be C-analytic subsets of K-modules satis-
fying the hypotheses of Theorem 8.1. Then A×A′/K is C-analytic.
Corollary 8.7. Let L be a closed subgroup of the compact Lie group K,
and let A be a real analytic L-subvariety of an L-module. Then
(1) K ∗L A is naturally a real analytic K-subvariety of a K-module.
(2) If A is smooth (resp. non-singular, resp. coherent, resp. C-analytic),
then so is K ∗L A.
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